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1. Introduction 

Let A denote the class of functions analytic in the unit disk 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1}. 𝑓(𝑧) is said to be in 

the class S if 𝑓 ∈ 𝐴 and 𝑓(𝑧) is univalent such that 𝑓(𝑧) has the following normalization 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

                                                                                      (1) 

with the conditions 𝑓(0) = 0, 𝑓′(0) = 1.  [1] 

S is called the class of normalized univalent functions. 

Let 𝑓(𝑧) and 𝑔(𝑧) be analytic functions in the unit disk 𝕌, then 𝑓(𝑧) is subordinate to 𝑔(𝑧) in 𝕌 

written as 𝑓(𝑧) ≺ 𝑔(𝑧) if there exist a function 𝜔(𝑧) analytic in 𝕌 with  

𝜔(0) = 0, |𝜔| < 1  which is called the Schwarz function such that 𝑓(𝑧) = 𝑔(𝜔(𝑧)). If the function g 

is univalent in 𝕌, then 𝑓(𝑧) ≺ 𝑔(𝑧),  𝑧 ∈ 𝕌 ⇔  𝑓(0) = 𝑔(0) and 𝑓(𝕌) ⊂ 𝑔(𝕌).  

For functions 𝑓(𝑧) and 𝑔(𝑧) analytic in the unit disk 𝕌, the function 𝑓(𝑧) is quasi-subordinate to 

𝑔(𝑧) written as 𝑓(𝑧) ≺𝑞 𝑔(𝑧) if there exist analytic function 𝜑 and 𝜔 with  

|𝜑(𝑧)| ≤ 1,   |𝜔(𝑧)| < 1 such that  

 𝑓(𝑧) = 𝜑(𝑧)𝑔(𝜔(𝑧)).   [2] 

Bi-univalent functions in class 𝑺: Since univalent functions are one-one, they are invertible, and the 

inverse functions need not be defined on the entire unit disk 𝕌. 
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 The Koebe 
1

4
 theorem ensures that the image of 𝕌 under every univalent function 𝑓 ∈ 𝑆 contain a 

disk of radius 
1

4
.  Thus, every univalent function 𝑓 has an inverse 𝑓−1 satisfying 𝑓−1(𝑓(𝑧)) = 𝑧, (𝑧 ∈

𝕌) and 𝑓−1(𝑓(𝜔)) = 𝜔,    |𝜔| < 𝛾0(𝑓), 𝛾0(𝑓) ≥
1

4
). Therefore,  a function 𝑓 ∈ 𝐴 is said to be bi-

univalent in 𝕌 if both 𝑓 and 𝑓−1 are univalent functions in 𝕌 and it is denoted by ∑.  [3] 

The Taylor-Macluarin series of 𝑓−1(𝑧) is used to find the inverse of coefficients of 𝑓−1(𝑧).  For  

𝜔 = 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

 

𝑧 = 𝑓−1(𝜔) = 𝜔 − 𝑎2𝜔2 + (2𝑎2
2 − 𝑎3)𝜔3 − (5𝑎2

3 − 5𝑎2𝑎3 + 𝑎4)𝜔4

+ (14𝑎2
4 − 21𝑎2

2𝑎3 + 3𝑎3
2 + 6𝑎2𝑎4 − 𝑎5)𝜔5 

In 2017, [4] considered the subclass  𝑆𝑞
∗∑(𝑛, 𝜆, 𝛾, 𝜙(𝑧)) of analytic and bi-univalent function 

associated with S𝑎̃l𝑎̃gean differential operator consisting of the functions of class ∑ in the open unit 

disk which satisfies the quasi-subordination conditions and the first two coefficients bounds for 

functions in this class were obtained by the author. Several other authors that have worked in this 

area included [5], [6], [7], [8] and [9] but not limited to these one only. 

1. Preliminary 

Lemma 1. [10]:  Let  𝜑(𝑧)  be an analytic function with positive real part in 𝕌, with |𝜑(𝑧)| ≤ 1 and 

𝜑(𝑧) = 𝑃0 + 𝑃1𝑧 + 𝑃2𝑧2 + 𝑃3𝑧3 + ⋯ then |𝑃𝑛| ≤ 1 − |𝑃0|2 ≤ 1,  for 𝑛 > 0. 

Let 𝑢(𝑧) = 𝑐1𝑧 + 𝑐2𝑧2 + 𝑐3𝑧3 + ⋯ and  𝑣(𝑧) = 𝑑1𝑧 + 𝑑2𝑧2 + 𝑑3𝑧3 + ⋯ be two analytic functions 

in 𝕌 with the conditions 𝑢(0) = 0, 𝑣(0) = 0, |𝑢(𝑧)| < 1 𝑎𝑛𝑑 |𝑣(𝑧)| < 1. It is well known that  

|𝑐𝑛| = |𝑑𝑛| ≤ {
1,    𝑛 = 1

1 − |𝑐1|2,    𝑛 ≥ 2.
 

Let 𝜙(𝑧) be an analytic function with positive real part on 𝕌 with 𝜙(0) = 1, 𝜙′(0) > 0 which maps 

the open unit disk 𝕌 onto a region star-like with respect to 1 and it’s symmetry with respect to the 

real axis. The Taylor’s series of such functions is given by  𝜙(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧2 + 𝐵3𝑧3 +

⋯ ,   𝑤ℎ𝑒𝑟𝑒 𝐵1 > 0.  [11] 

Opoola Differential  Operator. [12]: For 𝓅 ≥ 0, 0 ≤ 𝜇 ≤ 𝛽, 𝑛 ∈ ℕ0 , 𝑧 ∈ 𝕌. the Opoola differential 

operator  𝐷𝑛(𝓅, 𝜇, 𝛽)𝑓: 𝐴 → 𝐴 is defined as follows 

𝐷0(𝓅, 𝜇, 𝛽)𝑓(𝑧) = 𝑓(𝑧) 

𝐷1(𝓅, 𝜇, 𝛽)𝑓(𝑧) = 𝓅𝑧𝑓′(𝑧) − 𝑧(𝛽 − 𝜇)𝓅 + (1 + (𝛽 − 𝜇 − 1)𝓅)𝑓(𝑧) 

𝐷𝑛(𝓅, 𝜇, 𝛽)𝑓(𝑧) = (𝐷(𝐷𝑛−1(𝓅, 𝜇, 𝛽)𝑓(𝑧))) = 𝑧 + ∑[1 + (𝑘 + 𝛽 − 𝜇 − 1)𝜆]𝑛𝑎𝑘

∞

𝑘=2

𝑧𝑘            (2) 

Remarks: 

 When 𝓅 = 1, 𝜇 = 𝛽,    then 𝐷𝑛(𝓅, 𝜇, 𝛽)𝑓(𝑧) becomes the Salagean differential operator. 

[13] 

 When  𝜇 = 𝛽,    then 𝐷𝑛(𝓅, 𝜇, 𝛽)𝑓(𝑧) becomes the Al-Oboudi differential operator.  [14] 

This operator was studied by  [15] and [16]. 

 

1. Main Result 

Definition: A function 𝑓(𝑧) ∈ ∑ belongs to the class  𝑁𝑞∑(𝛼, 𝑛, 𝜆, 𝛾, 𝜇, 𝛽, 𝑡, 𝜙(𝑧)) if  
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 1

𝛾
{

𝑧[(1−𝜆)𝐷𝑛(𝜇,𝛽,𝑡)𝑓(𝑧)+𝜆𝐷𝑛+1(𝜇,𝛽,𝑡)𝑓(𝑧)]
′

(1−𝜆)𝐷𝑛(𝜇,𝛽,𝑡)𝑓(𝑧)+𝜆𝐷𝑛+1(𝜇,𝛽,𝑡)𝑓(𝑧)
} ≺𝑞 (𝜙(𝑧))

𝛼
− 1,       𝑧 ∈ 𝕌.                                                (3) 

and 

1

𝛾
{

𝜔[(1−𝜆)𝐷𝑛(𝜇,𝛽,𝑡)𝑓(𝜔)+𝜆𝐷𝑛+1(𝜇,𝛽,𝑡)𝑓(𝜔)]
′

(1−𝜆)𝐷𝑛(𝜇,𝛽,𝑡)𝑓(𝜔)+𝜆𝐷𝑛+1(𝜇,𝛽,𝑡)𝑓(𝜔)
} ≺𝑞 (𝜙(𝜔))𝛼 − 1,       𝜔 ∈ 𝕌.                                            (4) 

0 ≤ 𝜆 ≤ 1, 𝑛 ∈ 𝑁0, 𝛾 ∈ ℂ/0, 𝑔(𝜔) = 𝑓−1(𝜔),  𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝑧)  is the Opoola differential operator 

defined in equation (3). 

Remarks: 

1. When 𝛼 = 𝜇 = 𝛽 = 𝑡 = 1, 𝑁𝑞∑(𝛼, 𝑛, 𝜆, 𝛾, 𝜇, 𝛽, 𝑡, 𝜙(𝑧)) ≡ 𝑆𝐶𝑞 , ∑(𝑛, 𝜆, 𝛾, 𝜙(𝑧)). See[4]. 

2. When  𝑛 = 0,   𝛼 = 𝜇 = 𝛽 = 𝑡 = 𝛾 = 𝜆 = 1, 𝑁𝑞∑(𝛼, 𝑛, 𝜆, 𝛾, 𝜇, 𝛽, 𝑡, 𝜙(𝑧)) ≡ 𝐶𝑞 , ∑(𝛾, 𝜙(𝑧)). 

see[9]. 

Theorem 1. If the function 𝑓(𝑧) ∈ 𝐴 given by (1) be in the class 𝑁𝑞 , ∑(𝛼, 𝑛, 𝜆, 𝛾, 𝜇, 𝛽, 𝑡, 𝜙(𝑧)),  then  

|𝑎2| ≤ √
𝛼|𝛾|[|𝐵1| + |𝐵2| + (𝛼 − 1)𝐵1

2]

[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)} − {[1 + (𝛽 − 𝜇 − 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2}
  

|𝑎3|

≤
𝛼𝛾𝐵1

2[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)}

+
2𝛼|𝛾|[|𝐵1| + |𝐵2| + (𝛼 − 1)𝐵1

2]

[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)} − 2[1 + (𝛽 − 𝜇 + 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2
 

Proof: Since 𝑓(𝑧) ∈ 𝑁𝑞∑(𝑛, 𝜆, 𝛾, 𝜇, 𝛽, 𝑡, 𝜙(𝑧)), there exist two analytic functions 𝑢, 𝑣: 𝑈 →

𝑉  𝑤𝑖𝑡ℎ 𝑢(0) = 0, 𝑣(0) = 0 such that 

1

𝛾
{

𝑧[(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝑧) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝑧)]′

(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝑧) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝑧)
} = 𝜑(𝑧)[{𝜙(𝑢(𝑧))}𝛼 − 1] 

and 

1

𝛾
{

𝜔[(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝜔) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝜔)]′

(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝜔) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝜔)
} = 𝜑(𝜔)[{𝜙(𝑢(𝜔))}𝛼 − 1] 

From lemma 1 and [11],       𝑢(𝑧) = 𝑐1𝑧 + 𝑐2𝑧2 + 𝑐3𝑧3 + ⋯,          

𝑣(𝜔) = 𝑑1𝜔 + 𝑑2𝜔2 + 𝑑3𝑧3 + ⋯ 

𝜙(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧2 + 𝐵3𝑧3 + ⋯ ,         𝜙(𝜔) = 1 + 𝐵1𝜔 + 𝐵2𝜔2 + 𝐵3𝜔3 + ⋯ 

 

𝜑((𝑧) = 𝑝0 + 𝑝1𝑧 + 𝑝2𝑧2 + 𝑝3𝑧3 + ⋯ ,            𝜑((𝜔) = 𝑝0 + 𝑝1𝜔 + 𝑝2𝜔2 + 𝑝3𝜔3 + ⋯ 

Then,  

𝜑(𝑧)[{𝜙(𝑢(𝑧))}
𝛼

− 1]

= 𝛼𝑝0𝐵1𝑐1𝑧 + 𝛼 [𝑝1𝐵1𝑐1 + 𝑝0 (𝐵1𝑐2 + 𝐵2𝑐1
2 +

𝛼 − 1

2
𝐵1

2𝑐1
2)] 𝑧2 + ⋯               (5) 

And 
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𝜑(𝜔)[{𝜙(𝑢(𝜔))}

𝛼
− 1]

= 𝛼𝑝0𝐵1𝑑1𝜔 + 𝛼 [𝑝1𝐵1𝑑1 + 𝑝0 (𝐵1𝑑2 + 𝐵2𝑑1
2 +

𝛼 − 1

2
𝐵1

2𝑑1
2)] 𝜔2 + ⋯           (6) 

The left hand side of equations (3) and (4) can be expressed as 

1

𝛾
{

𝑧[(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝑧) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝑧)]′

(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝑧) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝑧)
}

=
1

𝛾
{

∑ [1 + (𝑘 + 𝛽 − 𝜇 − 1)𝑡]𝑛𝑎𝑘
∞
𝑘=2 𝑧𝑘−1{𝑘 − 1 + 𝜆(1 − 𝑘) + [1 + (+(𝑘 + 𝛽 − 𝜇 − 1)𝑡](𝜆𝑘 − 𝜆)}

1 + ∑ [1 + (𝑘 + 𝛽 − 𝜇 − 1)𝑡]𝑛𝑎𝑘
∞
𝑘=2 𝑧𝑘−1{1 − 𝜆 + 𝜆[1 + (+(𝑘 + 𝛽 − 𝜇 − 1)𝑡]}

}     (7) 

And 

1

𝛾
{

𝜔[(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝜔) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝜔)]′

(1 − 𝜆)𝐷𝑛(𝜇, 𝛽, 𝑡)𝑓(𝜔) + 𝜆𝐷𝑛+1(𝜇, 𝛽, 𝑡)𝑓(𝜔)
} =

=
1

𝛾
{

∑ [1 + (𝑘 + 𝛽 − 𝜇 − 1)𝑡]𝑛𝑎𝑘
∞
𝑘=2 𝜔𝑘−1{𝑘 − 1 + 𝜆(1 − 𝑘) + [1 + (+(𝑘 + 𝛽 − 𝜇 − 1)𝑡](𝜆𝑘 − 𝜆)}

1 + ∑ [1 + (𝑘 + 𝛽 − 𝜇 − 1)𝑡]𝑛𝑎𝑘
∞
𝑘=2 𝜔𝑘−1{1 − 𝜆 + 𝜆[1 + (+(𝑘 + 𝛽 − 𝜇 − 1)𝑡]}

}     (8) 

Comparing the coefficients of the like powers of z in (5), (6), (7) and (8), then 

1

𝛾
{[1 + (𝛽 − 𝜇 − 1)𝑡]𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}𝑎2} = 𝛼𝑝0𝐵1𝑐1         (9) 

1

𝛾
{[1 + (𝛽 − 𝜇 − 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)}𝑎3} − {[1 + (𝛽 − 𝜇 − 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2𝑎2

2}

= 𝛼 [𝑝1𝐵1𝑐1

+ 𝑝0 (𝐵1𝑐2 + 𝐵2𝑐1
2 +

𝛼 − 1

2
𝐵1

2𝑐1
2)]                                                               (10) 

−
1

𝛾
{[1 + (𝛽 − 𝜇 − 1)𝑡]𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}𝑎2} = 𝛼𝑝0𝐵1𝑑1                                         (11) 

1

𝛾
{[1 + (𝛽 − 𝜇 − 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)}(2𝑎2

2 − 𝑎3)} − {[1 + (𝛽 − 𝜇 − 1)𝑡]2𝑛{1 +

𝜆𝑡(𝛽 − 𝜇 + 1)}2𝑎2
2} = 𝛼 [𝑝1𝐵1𝑑1 + 𝑝0 (𝐵1𝑑2 + 𝐵2𝑑1

2 +
𝛼−1

2
𝐵1

2𝑑1
2)]                                        (12)  

It follows from equations (9) and (11) that 

𝑐1 = −𝑑1                                                                                                  (13) 

Using equations (13) in  (10) and (12), one can easily obtain 

|𝑎2
2|

=
𝛼𝛾𝑝0[𝐵1(𝑐2 + 𝑑2) + 2𝐵2𝑑1

2 + (𝛼 − 1)𝐵1
2𝑑1

2]

2[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)} − 2{[1 + (𝛽 − 𝜇 − 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2}
(14) 

On applying lemma 1, one can easily have 

|𝑎2|

≤ √
𝛼|𝛾|[|𝐵1| + |𝐵2| + (𝛼 − 1)𝐵1

2]

[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)} − {[1 + (𝛽 − 𝜇 − 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2}
     (15) 
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 Hence we get the desired bound on  |𝑎2| 

To get the bound on |𝑎3|, using (14) in (10) and (12), we have 

𝑎3

=
𝛼𝛾[−2𝑝1𝐵1𝑑1 + 𝑝0𝐵1(𝑑2 − 𝑐2)]

2[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)}

+
𝛼𝛾𝑝0[𝐵1(𝑐2 + 𝑑2) + 2𝐵2𝑑1

2 + (𝛼 − 1)𝐵1
2𝑑1

2]

2[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)} − 2[1 + (𝛽 − 𝜇 + 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2
 

Using lemma 1, bound on 𝑎3 is obtained as 

|𝑎3|

≤
𝛼𝛾𝐵1

2[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)}

+
2𝛼|𝛾|[|𝐵1| + |𝐵2| + (𝛼 − 1)𝐵1

2]

[1 + (𝛽 − 𝜇 + 2)𝑡]𝑛{2 + 2𝜆𝑡(𝛽 − 𝜇 + 2)} − 2[1 + (𝛽 − 𝜇 + 1)𝑡]2𝑛{1 + 𝜆𝑡(𝛽 − 𝜇 + 1)}2
(16) 

Remarks: 

1. When 𝛼 = 𝛽 = 𝜇 = 𝑡 = 1, the inequalities in (15) and (16) reduced to the results of 

theorem 2 in [4]. 

2. When 𝑛 = 0, 𝜆 = 0,    𝛼 = 𝛾 = 1, the inequalities in equations (15) and (16) reduced to the 

result of theorem 2.5 in  [9]. 

Conclusion:  A new subclass of univalent and bi-univalent functions was defined by means of quasi-

subordination principle and the result obtained is a generalization of the results obtained in [4] and 

[9]. 
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