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ABSTRACT: In this paper, we have used Opoola Differential Operator, a generalization of
Sdldgean Differential Operator and Al-Oboudi Differential Operator to define a new subclass of
analytic and bi-univalent functions using quasi-subordination principle. We have obtained upper
estimates for the first two coefficients of functions in the this subclass by means of Ma-Minda
functions.
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1. Introduction
Let A denote the class of functions analytic in the unit disk U = {z € C: |z| < 1}. f(2) is said to be in

the class Sif f € A and f(2) is univalent such that f(z) has the following normalization

f2)=z+ Z az® (D
k=2

with the conditions f(0) = 0, f'(0) = 1. [1]

S is called the class of normalized univalent functions.

Let f(2) and g(z) be analytic functions in the unit disk U, then f(2) is subordinate to g(z) in U
written as f(z) < g(z) if there exist a function w(z) analytic in U with

w(0) =0, |w| < 1 which is called the Schwarz function such that f(z) = g(w(z2)). If the function g
is univalentin U, then f(z) < g(z), z€ U & f(0) = g(0) and f(U) c g(U).

For functions f(z) and g(z) analytic in the unit disk U, the function f(z) is quasi-subordinate to
g(z) written as f(z) <4 g(2) if there exist analytic function ¢ and w with

lp(2)] <1, |w(z)| < 1such that
f@) = 9(Dg(w(). [2]

Bi-univalent functions in class S: Since univalent functions are one-one, they are invertible, and the
inverse functions need not be defined on the entire unit disk U.

doi.org/10.53272/icrrd 113 ICRRD Journal 2022, 3(4), 113-
118


https://search.crossref.org/?q=icrrd&from_ui=yes
http://www.icrrd.com/

ICRRD Journal article |

The Koebe i theorem ensures that the image of U under every univalent function f € S contain a

disk of radius i. Thus, every univalent function f has an inverse f 1 satisfying f‘l(f(z)) =2z (z€

U) and f‘l(f(w)) =w, |lwl<yo(f), vo(f) = i). Therefore, a function f € A is said to be bi-
univalentin U if both f and £~ are univalent functions in U and it is denoted by Y. [3]

The Taylor-Macluarin series of f ~1(z) is used to find the inverse of coefficients of f ~1(z). For
[o0]
w = f(z) =z+2akzk
k=2

z=fHw) = w—a,w?+ (a3 — az)w?® — (5a3 — 5a,a3 + a,)w*

+ (14a3 — 21a3a3 + 3a% + 6a,a, — as)w®
In 2017, [4] considered the subclass S;3.(n, 4, ¥, $(2)) of analytic and bi-univalent function
associated with Sdldgean differential operator consisting of the functions of class ) in the open unit
disk which satisfies the quasi-subordination conditions and the first two coefficients bounds for
functions in this class were obtained by the author. Several other authors that have worked in this
area included [5], [6], [7], [8] and [9] but not limited to these one only.

1. Preliminary

Lemma 1. [10]: Let ¢(z) be an analytic function with positive real partin U, with |¢(z)| < 1 and
@(z) = Py + Pyz+ Pyz% + P3z3 + - then |P,| < 1 —|Py|2 < 1, forn > 0.
Let u(z) = c1z + ¢z + ¢c3z3 + - and v(z) = dyz + d,z? + d5z3 + -+ be two analytic functions
in U with the conditions u(0) = 0,v(0) = 0, |u(2)| < 1 and |v(z)| < 1. Itis well known that

1, n=1
= <
lenl |dnl_{l—lcllz, n>2.

Let ¢p(z) be an analytic function with positive real part on U with ¢(0) = 1, ¢'(0) > 0 which maps
the open unit disk U onto a region star-like with respect to 1 and it’s symmetry with respect to the
real axis. The Taylor’s series of such functions is given by ¢(z) = 1+ B,z + B,z% + B3z3 +

-+, where By > 0. [11]

Opoola Differential Operator. [12]: For p = 0,0 < u < 8,n € Ny, z € U. the Opoola differential
operator D™ (p,u, B)f: A — Ais defined as follows

D°(p, 1, B)f(2) = f(2)
D'p.uP)f (@) =pzf' @) —z(B —wWp + 1+ B -—u—Dp)f(2)

DB @) = OO P PF@) =2+ ) L+ k+f—u=DAlaz* (@)
k=2

Remarks:
e Whenp =1, u=p, thenD"(p,u B)f(z) becomes the Salagean differential operator.
[13]
e When u=p, then D™(p,u, B)f(z) becomes the Al-Oboudi differential operator. [14]
This operator was studied by [15] and [16].

1. Main Result

Definition: A function f(z) € ), belongs to the class N,Y.(a,n,4,y, 1, B, t, $(2)) if
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1 {z[(l—A)Dn(u,ﬁ,t)f(z)+w“+1(u,ﬁ,t)f(z)]’
v U Q-0Dm(uB.0f (@ +AD" 1 (1,61 (2)

} <, (@) =1, zeu. (3)

and

1 {w[(1—1)Dn(u,ﬁ.t)f(w)+w"+1(u,ﬁ,t)f(w)]'
v U (=DD" (B0 @)+ 2D+ (1 B0 f (@)

} <q (P(@)*-1, wel. (4)

0<A<1,n€EN,y€C/0,g(w)=fYw), D"(u,p,t)f(z) is the Opoola differential operator
defined in equation (3).

Remarks:

1. Whena=u=pF=t=1, NoX(a,n,Ay,u Bt ¢(2) =SCe, X (14,7, (2)). See[4].

2. Whenn=0, a=pu=p=t=y=21=1, NY(aniy,upb td)=C,Y(y ¢).
see[9].

Theorem 1. If the function f(z) € A given by (1) be in the class Nq,Z(a, nALv, u Bt d)(z)), then

laz| < aly|[|B| + |By| + (a — 1)B2]
ST+ B e+ 22+ 2208 — p+ 23— {[1+ (B — p — D] {1+ 2B — p+ D}

|a3|

< ayB;
214+ (B —p+2)t]{2 + 24t(B — u + 2)}
2alyllIBi] + |B;| + (a — 1)B{]
1+B—pu+2)t{2+ 2B —u+2)}—-2[1+ B —u+ Dt]? {1+ 1B —pn+ 1)}?
Proof: Since f(z) € NqZ(n, Ay, Bt qb(z)), there exist two analytic functions u, v: U —
V withu(0) = 0,v(0) = 0 such that

1 {z[(l —)D™(u, B, )f (2) + AD™ 1 (u, B, ) f (2)]'
Yy A =2DD"(u,B,t)f(z) + AD™1(u, B, t)f (2)

i

} = p@D[{pu(2))}* - 1]

and

1 {w[(l — D™ (u, B, ) f (w) + AD™ 1 (u, B, ) f (w)]'

y [ A= DD"(,B,0f () + AD™*1(, B, O)f () } = p()[{P(@)}* ~ 1]

Fromlemmaland[11], u(z) = ¢z +cyz? + 323 + -+,

v(w) = diw + dyw? + d3z3 + -

¢(2) =1+ Byz + B;z* + B3z® + -+, ¢(w) =1+ Byw + Byw? + Byw3 + -+
0((2) = po + P12 + p22° +p3z® + -+, p((w) = po +p1® + p2w* + p3w® + -
Then,
a
o@)|{p(u@)}* - 1]
2,271 52\ .2
= apOBj_ClZ + a [plBlcl + pO (B1C2 + Bzcl + TBl Cl )] VA + eee (5)
And
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o(@)[{p (@)} - 1]

2 @15 2
= apgBidiw + a|p1B1d1 + po (Bld2+32d1 +TBld1) W+ - (6)

The left hand side of equations (3) and (4) can be expressed as

1{2[(1 — D™, B, t)f (2) + AD™ (u, B, t)f(Z)]’}

Yy (A =2)D"(w,B,t)f(2) + AD™*1(u, B, t)f (2)

B 1{2,‘;;2[1 +k+p—u—Dt"ap 2" Yk —1+20 k) +[1+ (+k + B — u— Dt](Ak — /1)}} o
y 1+Y0,1+(k+B—pu—Dt]"arzF" {1 -2+ 21+ (+k + B —p— Dt]}

And

1 {w[(l — D™, B, t)f (w) + D™ (u, B, ) f (w)]’} B

Y (A=DD"(, B, t)f () + AD™ 1 (u, B, )f (w) |

_ 1{2;‘?:2[1 +k+B—p—Dt]"a 0 Mk =1+ 20 —k) + [1+ (+k + B — p— Dt](Ak — /1)}} ®)
y 1+ X014+ (k+B—u—Dt]"ar 01 -2+ A1+ (+k + B —p — Dt]}

Comparing the coefficients of the like powers of zin (5), (6), (7) and (8), then

%{[1 £ (B—p— DAL+ ALB -+ Dlag) = apoBres  (9)

%{[1 + (B —u—2Dt]"2+22t(B — p+ 2)}az} — {[1 + (B —p — Dt]* {1 + At (B — u + D}?a3}

=a [plBlcl
-1
+ o (Blcz + Byc? + aTBlzclz)] (10)
1
—;{[1 + (B —pu—Dt]I™{1+ 2t(f — u + 1)}a,} = apoBid, (11)

L+ (B - p— M2+ 2608 — i+ 2)(203 — @)} — {1+ (B —p = DEP{L +
B —p+1DYas}=a [P1Bld1 + Ppo (Bldz + Bpdf +aT_1312d%)] (12)
It follows from equations (9) and (11) that
Cl = _dl (13)
Using equations (13) in (10) and (12), one can easily obtain
|a3|
_ aypo[Bi(c; + dp) + 2B,df + (a — 1)Bid{]
2+ (B-p+ 22 + 228 — u+ 2)} = 2{[1 4+ (B —p — Dt]PM{1 + 2t (B — u+ 1I?}

(14)

On applying lemma 1, one can easily have

la,|

< alyl[|Byl + |By| + (@ — 1)BE] (15)
T+ @ -p+2)t]2+ 22t —pn+2)} —{[1+ (B —u—Dt]* {1+ At(f —u + 1)}?}
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Hence we get the desired bound on |a,|

To get the bound on |as], using (14) in (10) and (12), we have

as
_ ay[—2p;B1d; + poBi(d; — ¢;)]
20+ (B —u+2)t]2 + 22t(B — u + 2)}
aypolBi(c, + dy) + 2B,df + (a — 1B df]
M+@B-—pu+2tI"2+22B—pn+2)}—2[1+ B —pu+ D)1+ (B —u+ 1)}

+
2
Using lemma 1, bound on a; is obtained as

|a3|
ayB;

= 2014+ (B —u+2)t]™2 4+ 24t (B — u + 2)}
2alyl[|B;] +|B;| + (a — 1)BY]
1+ B —pu+2)t]"2+21¢B—pu+2)}—2[1+ (B —u+ Dt]P {1+ 2B —u+ 1)}

+ [ (16)

Remarks:

1. Whena = =pu =t =1, the inequalities in (15) and (16) reduced to the results of
theorem 2 in [4].

2. Whenn=0, 1=0, a =y =1,theinequalities in equations (15) and (16) reduced to the
result of theorem 2.5in [9].

Conclusion: A new subclass of univalent and bi-univalent functions was defined by means of quasi-
subordination principle and the result obtained is a generalization of the results obtained in [4] and

[9].
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